Eur. Phys. J. B 36, 555-565 (2003)
DOI: 10.1140/epjb/e2004-00011-7

THE EUROPEAN
PHYSICAL JOURNAL B

Nonequilibrium statistical operator method: Generalized
transport equations of diffusion-reaction processes

P.P. Kostrobii', M.V. Tokarchuk!?:?, and Y.A. Humenyuk?

1 State University “Lvivska Politekhnika”, 12 Bandera Str., Lviv, 79013, Ukraine
2 Institute for Condensed Matter Physics of the National Academy of Sciences of Ukraine, 1 Svientsitskii Str.,

Lviv, 79011, Ukraine
Received 4 September 2003

Published online 30 January 2004 — (©) EDP Sciences, Societa Italiana di Fisica, Springer-Verlag 2004

Abstract. Generalized transport equations for description of diffusion-reaction processes in chemically
active mixtures are obtained. The nonequilibrium statistical operator method by Zubarev is used and
both strong and weak nonequilibrium processes are analyzed. In the approximation of the second order in
fluctuations we get generalized equations of chemical kinetics for bimolecular reactions with generalized
rate constants. In the case of spatial uniformity the integro-differential equation for the matrix of partial
scattering functions is received, which are related to partial dynamic structure factors of chemically reactive

system by the time Fourier transformation.

PACS. 05.60.Cd Classical transport — 05.70.Ln Nonequilibrium and irreversible thermodynamics —

82.20.Mj Nonequilibrium kinetics

1 Introduction

Development of statistical theory of reaction-diffusion pro-
cesses in classical and quantum systems is an important
field of research in the modern nonequilibrium statistical
physics. In particular, this concerns theoretical investiga-
tions of processes with the presence of catalytic reactions
in bulk and on a surface, particularly on a metal one.
Such studies are caused on the one hand, by radically new
catalytic processes based on nanotechnologies and on the
other hand by attempts to clear up of mechanisms of cat-
alytic reactions. It is obvious that our knowledge of such
mechanisms substantially depends on the choice of the
level of description.

The fundamentally important problem in the theory of
kinetic equations of chemical reactions is the question of
their statistical substantiation [1]. Determination of chem-
ical reaction rate constants for such processes as hydrol-
ysis, dissociation and association of molecules, catalytic
synthesis of ammonia on active surfaces, and others is
concerned to the mentioned problem. These reactions are
predominantly bimolecular and in order to elucidate their
mechanisms one should take into account structural and
dynamical transformations for neighbouring particles. The
environment state in which chemical reactions occur can
be characterized as kinetic or hydrodynamic, steady or
unsteady nonequilibrium one. In each case the state in-
fluences the running of reactions. Thus a fundamentally
complicated problem arises and lies in a self-consistent
description of chemical reaction kinetics with nonequilib-
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rium processes in surroundings. In order to solve such a
problem it is necessary to apply methods of nonequilib-
rium statistical mechanics.

By now, some progress has been attained in the sta-
tistical substantiation of kinetics of reversible and irre-
versible chemical reactions in gases and liquids. In par-
ticular, the Enskog theory for chemically reacting liquids
was developed in references [2,3]. The Smoluchowski’s the-
ory [4] and its modifications [5-8] were applied to the
classical description of diffusion-controlled reactions. J.
Keizer proposed an alternative approach [1,9,10] based
on the nonequilibrium statistical thermodynamics and on
calculation of the nonequilibrium radial distribution func-
tions of reacting species through the correlation functions
“density — density”. The fully renormalized kinetic the-
ory by Mazenko [11-13] was applied for the first time
to describe reversible chemical reactions A+B = C+D
in papers [14,15] and found subsequent advancement in
works [16-18], where bimolecular reactions were consid-
ered. Felderhof with co-workers [19-22] used generalized
transport equations and detailed balance equation with
Mori’s projection operator formalism.

In this direction of investigations one should also
note the modified collision theory [23], the kinetic the-
ory [24,25] which has been actively developing on the
Bogoliubov’s method [26], the nonequilibrium statistical
theory of chemical reactions [27] based on the nonequilib-
rium statistical operator method by Zubarev [28,29]. One
of important questions of these works is to receive mi-
croscopic expressions for reaction rate constants for dis-
sociation or association of molecules including chemical
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reactions both in the volume phase and adsorption or
desorption of atoms and molecules and catalytic phe-
nomena on a surface of solids. In reference [27] gener-
alized reaction-diffusion transport equations for many-
component mixture of interacting atoms and molecules
were obtained. In the accordance with reference [9,10] the
nonequilibrium one- and two-particle distribution func-
tions of chemically reacting atoms were taken as parame-
ters of reduced description, see [24,25]. Really the creat-
ing for example of a two-atomic molecule AB from atoms
A and B is described by the mean potential energy of a
chemical bond which can be estimated with the help of
experimental methods. Theoretically, this energy reads in

the classical case:
/dr/dr’ (e, ) fRg(r, v 1),
reac

where 5% (r, r’) is the pair attractive potential modelling
the chemical bond, fRy(r,r’;¢) is a nonequilibrium inter-
nal molecular two-body distribution function of atoms A
and B which generate the molecule AB. It is a special term
in the mean potential energy of interacting atoms

ZElnt Z(Eshort( )+ Ereac( )+ E}Egg(t)),

AB

which together with the kinetic energy part form the full
mean energy; ESPSr(t) and E'(2&(t) are respectively the
short- and long-ranged parts of the full potential energy.
The full mean energy is an observed parameter of the
system and it satisfies the energy conservation law. Only
the term E'f2°(¢) in the full potential energy of interact-
ing atoms is connected with the nonequilibrium internal
molecular distribution function f}'5(r,r’;¢). That is why
if the kinetics of chemical reactions is described the quan-
tity E'F2°(t) can be chosen as one of characteristic pa-
rameters of molecule creation or dissociation. But in our
approach [27] the function f7%(r,r’;t) is included in the
system of the reaction-diffusion transport equations and
thus it is necessary to distinguish in the generalized trans-
port kernels the contribution of the pair attractive po-
tential &% (r,r') describing a chemical bond between
atoms A and B

In our treatment we will use the nonequilibrium statis-
tical operator method developed by Zubarev. In the next
sections we derive the generalized transport equations for
the description of reaction-diffusion processes in chemi-
cally reacting classical mixtures. Microscopic expressions
for the generalized transport coefficients are also received.
In Section 3 in the case of weakly nonequilibrium pro-
cesses we obtain reaction-diffusion transport equations for
fluctuations of number densities and pair irreducible cor-
relation functions which appear to be of the third order in
the fluctuations. In the approximation of the second order
in fluctuations we get generalized equations of chemical
kinetics for bimolecular reactions with generalized rate
constants. In the case of spatial uniformity the integro-
differential equation for the matrix of partial scattering
functions is received, which are related to partial dynamic
structure factors of chemically reactive system by the time
Fourier transformation.

reac
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2 Nonequilibrium statistical operator
of chemically reacting mixtures. The classical
description

We consider a many-component mixture of interacting
atoms and molecules and suppose that reversible bimolec-
ular chemical reactions as well as dissociation-association
ones can occur between particles:
A+B — AB. (2.1)

The Hamiltonian of the system can be written in the
form:

Na,N,
H= ZZ2 22 Z Doy (r5,17), (2.2)
a J= ay  j#l

where p; is a momentum of the jth atom or molecule
(which are assumed to be structureless for the simplic-
ity), Pa(r;,r;) denotes pair interaction potentials be-
tween particles of species o and . We suppose that the
potential @ (r;,r;) consists of a short-range part (with
a contribution describing a chemical bond between parti-
cles) and a long-range one.

A nonequilibrium state of the system is fully described
by a nonequilibrium distribution function p(z";t) which
obeys the Liouville equation:

p(x™t) +iLyp(a™N;t) =0, (2.3)

at’
where i L is the Liouville operator corresponding to the
Hamiltonian (2.2). The nonequilibrium distribution func-
tion p(x;t) is normalized:

N
/dFNp(‘T HNlhBN ’

with 2V = (21, 22,...,2x), ; = {p;,1;}, dz; = dp;dr;.
In order to find the full nonequilibrium distribution func-
tion let us use the nonequilibrium statistical operator
method by Zubarev [28]. It is based on ideas of the re-
duced description of the nonequilibrium state by means
of a fixed set of observable parameters. Since our goal is
to describe diffusion-reaction processes, one can choose
averages of the following dynamical quantities as the pa-
rameters of the reduced description:

(fra (1)),

These are nonequilibrium one-particle and pair distribu-
tion functions of particles of species v and . The averag-

;t) =1, (24)

(ﬁa(r)ﬁ’v(rl»t- (2.5)

ing means (...)! = [dI}y...p(z"V;t). The quantity
Na
fo(r) = 6(r —1;) (2.6)
j=1

is a microscopic number density of particles of species a.
It is important to emphasize the particular role of the
pair distribution function (74 (r)f(r1)). It can describe
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both a nonequilibrium distribution of two atoms before a
chemical reaction and a distribution of atoms which form
a two-atomic molecule due to a chemical bond. In the last
case (N4 (r)fy(r1))" are internal molecular nonequilibrium
distribution functions for atoms « and ~ in the molecule.
By the transition to the centre of masses coordinate sys-
tem we obtain the number density average for molecules
arising as a result of biatomic reactions. It is evident that
if the atoms a and « belong to two different molecules,
then (74 (r)fy(r1))! is the pair intermolecular nonequilib-
rium distribution function of the corresponding atoms.

On the basis of the nonequilibrium statistical operator
method by Zubarev [28,29], we seek the solution to the
Liouville equation (2.3) with an infinitesimal source in the
right-hand side:

0
|57 L] pa™it) = == [p(a™it) = py(a™i0)] . (2.7)
The infinitesimal source breaks the symmetry of the equa-
tion in regard to time inversion and selects retarded solu-
tions in the limit ¢ — 40 after the thermodynamic limit.
pq(xN;t) is the relevant statistical distribution function to
be determined from the extreme condition for the infor-
mational entropy of the system, if the parameters of the
reduced description of the nonequilibrium state are fixed.
In our case these parameters are averages (2.5). Thus, in
accordance with works [27,28] we define p,(z™;t) in the
Gibbs form:

pulast) = exp{~0(t) - 6(H ~ 3, [arparit)ia )
-y /dr /drluay(r,rl;t)ﬁa(r)ﬁv(rl))}, (2.8)

where
&(t) =In /dFN exp{fﬂ(H — Z/drua(r;t)ﬁa(r)
= /dr /drluw(r,rl;t)ﬁa(r)ﬁv(rl))} (2.9)

is the Massieu-Planck functional determined from the nor-
malization condition

/dFNpq(xN;t) =1. (2.10)

Lagrange parameters (i (r;t), ftay(r,r1;1) are determined
from the following conditions of the self-consistency:

(i (r))" = (fa(r))g,

(Gar(r,r1))" = (Gay(r,11));,

b = JdIn ... py(2N;t) and the following no-

tation Gas(r,r1) = fa(r)i,(r1) is used. Specifically,
among the pair nonequilibrium distribution functions

(Gony(r,r1))t = f2(r,r1;t) there are internal molecu-

ay
lar nonequilibrium ones (r,r1;t), which determine the

(2.11)

where (..

m
ay
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mean energy of a chemical bond E;efc(t) if a molecule
is created from atoms of species a and . The physical
meaning of the thermodynamical parameters p,(r;t) and
Ha~(r,11;t) can be obtained from the generalized ther-
modynamical relations, which associate these parameters
with the Massieu-Planck functional (2.9), the reduced de-
scription parameters (2.5), and the Gibbs entropy func-
tional. The last one reads:

S(t) = — (np, (1),
= 0(t) + BH) ~ 3, [drsparit)a )

— Z/dr/drlﬁu(m(r,rl;t)(éa,y(r,r1)>t, (2.12)

B =1/kpT, kp is the Boltzmann constant, T is the equi-
librium thermodynamic temperature. We can find from
the generalized thermodynamic relations:

L(t)f ﬁ r t _ ’IA?, r ¢
0B e (13 1) = {fta( )>q (Na(r))",
) e
e, ) — (G (071)g=( Gl (1, 10))", (2:14)

where the conditions of the self-consistency (2.11) were
taken into account. Equations (2.13, 2.14) show that the
parameters (i, and (14~ are conjugated to the correspond-
ing meanings of the nonequilibrium one-particle and pair
distribution functions. From the next set of thermody-
namic relations

(2.13)

_08(t) _ g
5<ﬁa(r)>t - ﬁ:ua( 7t)7 (2.15)
= —Bhary (r;r15), (2.16)

3(Gar(r,r1))*

it follows that p.(r;t) is a nonequilibrium local chemical
potential of species «, oy (r,r1;t) is a chemical potential
of a two-atomic cluster or dimer which potentially form a
molecule if a chemical bond arises between the atoms of
species « and 7.

Using the NSO method [27,28] we can write the solu-
tion to equation (2.7) as follows

t
pa™t) = pg(a™it) — Z/drl /dt’es“'*”
X Ty(t, 8 ) I (r158") Bpia (v15 ) pg (275 )

t
— Z/drl/drg /dt'ea(t/_t)Tq(t,t')Ig’Y(I‘hI‘%t/)
ay oo

Xﬁﬂa’v(rlvr%t/)Pq(xNét/)7 (2.17)
where
t
T,(t,t') = exp f/dt”[l — pq(t")]iLy (2.18)

t
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is the generalized evolution operator with allowance for
the projection operation. The quantities

IX(r;t") = [1— p(t')|iLnfa(ry),

I8 (r1,ro5t') = [ — p(t')]iLnGay(r1,r2)  (2.19)
are the generalized fluxed of reaction-diffusion transport
processes. p(t') is the Mori’s projection operator. It acts
on dynamical variables and has the following structure:

p(DA(r) =

The properties of this operator are

p()p(t) = p(t), o(t)(1 — p(t)) = 0.

The projection operator g, (t") in equation (2.18) is deter-
mined through the Mori’s projector by the relation

pa(t")p A(r) = p'p(1)A(r).

We have obtained a general expression for the nonequi-
librium distribution function presented by formula (2.17)
which describes diffusion-reaction processes. It depends on
the chosen set of parameters of reduced description (2.5)
and on the generalized fluxes (2.19) which correspond for
dissipative transport processes in the system. Since in ac-
cordance with the principle of reduced description the
nonequilibrium distribution function p(xV;t) is a func-
tional of parameters (7, (1)), (fia () (r1))*, correspond-
ing to the conditions of self-consistency, it is necessary for
the completeness of description of reaction-diffusion pro-
cesses to construct the transport equations for these pa-
rameters.

In order to obtain such transport equations for the
quantities (N4 (r))% (fa (r)7y (r1))?, let us use the following
identities:

= (iLnGay(r,11))*

= (LGl (r,12))} + (137 (1,005 ))
(2.22)

After carrying out averaging in the right-hand sides of
equations (2.21) and (2.22) with the help of the nonequi-
librium distribution function (2.17) we receive the gen-
eralized transport equations for the reduced description
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parameters [27]:

3
6t o Z/drl /dt’es(t —t)

0 aa
X 8—D]]1(I' ry;t, t) _ﬂ,uou(rla )

— Z/drl/drg/ dt'es(t' =)

a1y
0 Daalm . / i -
x JJn (rarlarQ,tat)' 6rlﬂﬂa1v1(rlar2at)

0 _wa 0
+ 8_Djn}71 (I‘, ry,ra; ta t/) : 6_1‘26,“01171 (rla ra; t/)}a
(2.23)

Z/drg /dt’es(t -t

_ﬂ:ual (1‘2; tl)

9 .
§<Gay(r,r1)> <Qw r,r1))

0

x { oD e was 1)
a ayaq

+ or, =D, 75 (r,r1, 125t t)

— Z/drg/dr3 /dt’es(t -t

@171

o B r2:) )

0
< {5 DTG (e w vt 1)

0

ayo a
+ 6_1,1Dn}J711’Y1 (I‘, ry,ro,r3;t, t/)] ' 8_1.26#&171 (r27 r3; t/)
a ayo
+ [aDJ'Zn}]’YI (I', r;,ro,rs; ta t/)
a DO"YQI'YI . / a Yy
+ 6_1‘1 nJnJ (I‘, ry,ro,rs;t,t )] ! 8_1.351ua1’h (r27 r3;t )}a
(2.24)
where
D35 mrit ) = [AI{(1 = () - pae)
x Ty(t, 1) (1 = p(t') 75— Pa (r1)}pq(z™;t')  (2.25)
is the generalized diffusion coefficient,
N,
=Y p;d(r—r)) (2.26)
j=1

is a microscopic momentum density of « species. The func-
3 a1yl a1yl ayoy ayoay .

tions D55 ", DGV, DG5S, DG5St in equat'lons (2.23,

2.24) are the generahzed cross transport coefficients. They

have a similar structure [27], for example:

D35 rorn ety t) = [AT (L o(8) 7 pa(r)
)1 - p(t) Phoalai ).
(2.27)

X T‘I(tat/ #Mﬁa1 (rl)ﬁ’h (1‘2
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. ayory1 ayoryl ayo1vy1 Qayo1vy1
Functions D75 5", D 550" DG s Doy ™ are the

generalized cross transport coefficients of the higher or-
der in the dynamical variables pq, (r2), 7y, (r3). They also
have analogous structure, for example:

Da’Yal’Yl

. A
JnJdn (I',I'l,rg,rg,t,t)—

JAn (1= p(0) 5 pa(e)i, () 1.1

X (1= p(t") ooy (12)i2y, (r3) }og (2 (2.28)

The obtained transport equations (2.23, 2.24) are strongly
nonlinear, non-Markovian and can describe both strongly
and weakly nonequilibrium diffusion-reaction processes.
They express the nonequilibrium one-particle and binary
distribution functions through the generalized diffusion
coefficients and cross transport coefficients, which are a
generalization of functions of reactions. In the case of
weakly nonequilibrium processes these equations become
closed. In the next section we will consider such processes
in details.

3 Weakly nonequilibrium diffusion-reaction
processes

Let weakly nonequilibrium processes be characterized by
small deviations of the parameters fio(r;t), fa~y(r,r1;t)
from their corresponding equilibrium values fi4(r),
Pa~(r,r1). This means that the reduced description
parameters, namely, (Nqo(r))f, (fa(r)ny(r1))" differ lit-
tle from their equilibrium values (7,(r))o = fXr),
<’ﬁ‘a(r)ﬁ’)’(r1)>0 = ;’Y(I',I'l), where fla(r) and f;é’}’(r7r1)
are the one-particle and pair equilibrium distribution func-
tions of particles. Brackets mean (...)o = [dI ... po(z")
and function

™)

Z/dr,ua )7 (r
> /dr /dr1 M@,rl)ﬁa(r)m(rl))} (3.1)

( 1
po(z™) = —eXp
Q

is the grand canonical Gibbs distribution for a chemically
reacting mixture.

Q= [dIn exp{f

-3 fanua it
— aZ/dr/drluay(r,rl)ﬁa(r)ﬁy(h))} (3.2)

is the corresponding grand partition function.

Let us expand the
tion (2.8) in the deviations dpuq(r;
Oppary (T, 1158) = play(r,r158) —

relevant distribution func-

t) = pa(rst) — pal(r),
Pa~(r,r1) and restrict our-

Generalized transport equations of diffusion-reaction processes

559

selves to the linear approximation:

N)(l + Z/drléﬂal (r1;t)fa, (r1)
+ Z/dm/drz Stbar v (r1,T2; )Gawl (rl,r2)> (3.3)

@171

Pq(wNﬂf) =

The parameters fiq, (r1;t), Oftas~, (r1, r2;t) should be de-
termined from the conditions of self-consistency (2.11).
The relevant distribution function p,(z™V;t) becomes as

follows:
]. + Z/drl/drg

@171

X 0N, (r2;t) 710‘1(1“2,1“1 e, (r1)

+ Z /dr/drg/drl/drgéGayrrL;,)

aya1y1

pq(INE t) =

xngWI(r,r3;r1,r2)éam(rl,rz)), (3.4)
where
~ Ona(rit) = (Ra(r))’ — {(Aa(r))o,
0Gay(r,r35t) = (Gay (r,13))" — (Gan(r,r3))0,  (3.5)
Gayyy (r1,12) =
G (T1,12) = Y /erwm (r,r1,12)i0(r), (3.6)

XO(CEl’Yl (r7 r17 r2) = Z/drgé';OQ (I'g, r)f?(,l2al’h (r37 rl) I'Q),
Q2
and the function

f?awl (r,ry,12) =

(f1a(1)Gayqy (T1,72))0 = (o (X)fia, (1), (r2))0 - (3.7)

is the three-particle equilibrium distribution function. One
can show with the aid of equation (3.9) that

(G oy (T1,72) 714, (r3))0 = 0.

This points to the fact of orthogonality of dynamical vari-
ables 7, (r3) and G, -, (r1,12).

Functions &7 (r,re) and &7 **"*(rq,ro;ry,r5) are
determined from the following integral relations:

(3.8)

Z/dr2§2 r,ro) 3" (re,r1) = daa, 0(r —r1), (3.9)

E /011"4/011"55(“A“O‘ﬂ2 ry,re;ry,rs)

@272

X fi 2727 (rg, 1551, 13) = 0ayyy,0n0(r1 — 1)0(r2 — 13),

(3.10)
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where

ffz’ﬁa’)’( <éa2’y2 (I‘l,rQ)Ga'y(rar3)>0 (311)

is the equilibrium four-particle distribution function.

Within the linear approximation for the quasiequilib-
rium distribution function pq(xN ;t) the transport equa-
tions (2.23, 2.24) take the following form:

9
ot

— Z/drl /dt' 0G0 (e py it 1) b, (v1; 1)

ry,T2;T,r3) =

one(r;t) =

- Z/drl/er/ dt'e= DA (x, 1y, 13 1, 1)

@171

X 5Ga171(r17r2;t )7 (312)

9
ot

— Z/dl‘g /dt’ =GN (p vy vt 1) O,y (P23 T)

5C_¥a7(r, ri;t) =

— Z/drg/dr3/dt’ =0 GOANN (p ¢ vy, a3t 1)

@171

X 5GO¢1’YI (I‘Q,I‘g;t )a (313)

In the transport equations (3.12, 3.13) the generalized
transport kernels which describe dissipative processes in
the system read:

onot(r,ry;t,t') Z/drg

(r2))0&52"" (ra,11),

Z/drg/dm (I%(r

Q272
X TO(t; tl)Ig2’Y2 (rda r4)>0502720¢171 (I‘g, ry,ryp, I'Q),

r)To(t, 1)

x 12 (3.14)

Q171 .
()On (I’,I’l,rg,t,t

(3.15)
@gzlal (I‘ ri,ro;t, t Z/drg r rl
x To(t, ') 152 (r3))0€5>"" (r3, r2), (3.16)
,g’}é){l’yl (r,rl,rg,rg;t,t Z/dr4/dr5
@272
X (I (r,v1)To(t, ') 1527 (ra, v5))0
x £4272 4 (rg, 15,12, 13), (3.17)
where
a . . o 1 .
In (I’) = (1 - WO) iLn na(r) = —am—Pa( )
I (r,r1) = (1 — o)Ly C_v'a,y(r,rl) (3.18)
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are generalized fluxes, gq is the Mori’s projection operator.
It has the following structure:

poA(r) = (A(r
" Z Ja /dr2 Dt (01))0 6877 (01, 12) o, (12)
171
+ Z /drl/drg/drg/dm I'1,I'2)>0
aya1y1
X SZ’YQI’YI (rlarQ;r3;r4) éal'n (r37r4); (319)

and properties: popo = 9o, P07 (r) = Ny (1), PoGay(r,T1)

= Ga’y(r7r1)7 @Of)a (I’) =0.

To(t,t') = exp(—(1 — po)iLn(t' —t))

is the propagator with the Mori projection operator in

the linear approximation that corresponds to the standard
Mori projection theory.

0 1

iLNﬁa(r) = arm

—Pa(r),

iLNC_?a,y(r,rl) =
0 1 o0 1

- a—Pa( )t (r1) — ﬁa(r)é)_mm_wf)”(rl)
JrZ/dr (r,r r)iiA (r2)
2 Xagay (X, T1,I2 61‘2 My Pa,(r2).
a
It follows from the structure of the generalized

fluxes (3.18) that the generalized transport kernels @&t
Grnet " Gat have the second, third, and forth orders in
dynamical variables Pq, Day; f)a, Ty 1?)a1 and Po Ty, Ny
Po,. For example, one can show that the transport ker-
nel g&%1(r,rq;t,¢') is related to the generalized diffusion
coefficient D57 by

SOggl (I‘, ry; t/a t) -

0 0 )
Z dr28 D9 (r, rg,tt)a 2§ 2 M (re,r1)

where

Dy (r,rast 1) = (I (0)To (¥, 1)1 (r2))o

1 1
= (—py(r)To(t',t)—F :
<mva(r) of )mva(m))o
These quantities can be expressed through the time

correlation functions “momentum density-momentum
density”. The obtained system of equations (3.12, 3.13)
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for reaction-diffusion processes includes hidden nonlinear-
ities because

<Ga’v(rvr1)>t = (Gav(rarl»t
= 37 Atz (v, m2) (i (12)), - (3:20)

where (Go(r,11))t = 57 (r,r1;t) is the nonequilibrium
two-particle distribution function of molecules of species
« and ~. It satisfies the relation:

£ (e rast) = g37 (v, r1t) + (i ()" (A (r1))". (3.21)

The same relation can be written for the equilibrium case:

(Gary(r,11))0 = 957 (x,11) + (e (1))o (R (x1))0,  (3.22)

where, respectively, g (v, r1; ) is the nonequilibrium pair
correlation (irreducible) function for species a and v and
go ' (r,r1) is its equilibrium counterpart. With the help
of equations (3.20-3.22) and taking into account that
dna(r;t) = (Na(r))t — (Aa(r))o we present the deviation
8Gon(r,11;t) in the form:

5@M(r,r1;t)
=08g5 7 (r,r1;t) + 0na(r;t) on,(ri;t)
4 51 (r51) (s (1)) + Gy (1) (1131

=37 faravars (v r) b (1), (329
Y1

- 9(217 (I’, rl)'

It can be easily seen that 0Ga,(r,r15t) is a
quadratic function with respect to fluctuation dn. In
order to eliminate this nonlinearity in the system of
equations (3.12, 3.13) we introduce fluctuations of the
irreducible pair correlation function dgy . After some ma-
nipulations one can obtain the following system of equa-
tions describing reaction-diffusion processes:

where 657 (r,r15t) = g57 (v, r1;1)

—0ne(r;t)

0
- Z/dm /dt’ c(t —t)

X [p2% (v, 1q;t, t)—l—E‘ml(r r1;t,t")] dna, (r1;t’)

-3 fan /dm /dt' DG (v r rgs 1)

@171

X [0g5 " (1,195 t") + On, (r151") 91y, (ra5 1)), (3.24)
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0 . o
ECSQQW(T;IH;U =

t
- Z/er /dt’edt'*t)iglm (r,r1,19;t, 1) Ong, (r2;t")
[e5] _

-3 fars /dr3 /dt' D S ey, v 1)

Q171

X0y, (r2;t") On.y, (r3;t")

t
3 fans fare s )
a1 _

X0Nq, (r2;t") Oy (r15t")

t
+ Z/drg /dt'ee(t/_t)ffgff (r1,ro;t,t")
Qp

XN, (r25t") (5na( i)

+ Z/dI‘Q/dI‘3 /dtl e(t'—t)

Q171

< {lpne ™ (w1, wait, ) 6 (115 )

+&r G T (1, 12, r35 8, ) Ong(r; )] dng, (ra; ) dny, (35 t)
—XaE M (e, 1y, 0, 1358, 87) g5 (v, ra; b))
e (v, T, w358, )0gy T (2, 135 t") Ony (15 8)

+sa'ya1’Y1 (1"17 rs,rs3; t t/)agOLl'Yl

X (rz, x5 ) oma(rs ) |, (3.25)

where functions X2 (r,ri;t,t'), Xel* (v, r1,ra;t,t'),
o8 (v, 11, v, 135, 1) are connected with the general-
ized transport kernels (3.14-3.17). Their structure is pre-
sented in the appendix.

It follows from the structure of the transport equa-
tions (3.24, 3.25) that they and the system of equations
(3.12, 3.13) as well, are nonlinear, namely, of the third
order in fluctuations dn.(ri;t') one(r;t’) dna, (ra;t’). The
generalized transport equations take also into account
non-Markovian processes and spatial inhomogeneity. Thus
it is very important to analyze them in simple approxima-
tions.

We shall consider the case of Markovian processes.
Then one can suggest for the transport kernels (3.14-3.17)
the following dependence on time:

pap(t;t') ~ pap(t)o(t —t').
Besides, we take into account fluctuations not higher
than of the second order dnq(r;t’) on,(r1;t’). Then, in
the case of a stationary solution to equation (3.25)
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£.6957(r,r15t) = 0, we obtain equation (3.24) in the form:

0
5571@(1'7 t) =

-3 Jamli () + 55 (o)) om e150)
— Z/drl/drg Kaal’yl I‘ 1‘171‘2)

Q171

+ K& (r, w2, 11)] 00, (T158) Ony, (r258),  (3.26)

where

i'sal(r ry) =
+ Z/er/dr3 ‘paaﬂl (r r2,r3)92ﬁ:1a1(r2,r3,r1),

Y1ce2

Yexi(r,rq)

(3.27)

K& " (r,r1,ra) E /dr3 Gt (r,ry,r3)

X ng%afh (I’l, rs, 1‘2). (328)

The expressions for the functions {2 are presented in the
appendix. All these functions (3.27, 3.28), and (A.1-A.6)
are expressed through the generalized transport ker-
nels (3.14-3.17) taken in the Markovian approxima-
tion and through the equilibrium structural distribution
functions fla (I‘) = <ﬁ0& (I‘)>0, f2017(r’ rl)a SOZ’YQI (I‘, ry, 1‘2),
7 (v, ey, v, v3), and Yaqe(r,T1,T2).

In equation (3.26) we have distinguished a contribution
of diffusion nature which is connected with the transport
kernels %%t (r,r1) by the formula:

o .
i) =3 Jars 5D ) G (r2ur),
(3.29)
where
0
D% (r,r2) = / dt =t (12 (1) Ty (D)7 (x2))0 (3.30)

is the generalized diffusion coefficient dependent on spa-
tial coordinates written in the form of the Green-Kubo
expression.

Let us consider the structure of system of equa-
tions (3.26) for reactions of the type A + B~ AB neglect-
ing the higher-order dissipative correlation contributions
for atoms of the same species,

K& (x,1a,11)0n.4(r1; 1)6n.a(ra3 1),
KBBB(r vy, r1)dnp(r1;t)dnp(ra;t), (3.31)

and higher-order dissipative correlation contributions for
atoms of different species,

KA A(r 1y, 11)0n4(r1; )04, (T2; 1),
KB (r,ra,11)0n5(r1;)0na, (ra2;t),

K282 (0 19, 1) 0N, (015 1)1, (Ta; 1). (3.32)
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(For instance, o can be a species of molecules AB which
have been created due to the chemical reaction between
atoms A and B or it can be a species of particles of the
environment in which the chemical reactions take place):

0

EénA(r; t) =
,/drl [gpﬁf(r,rl) + Eff(r,rl)} dna(ry;t)
f/drl [gpﬁf(r, ri) + XAB(r, rl)} dnp(ry;t)

- / dry / dry [KE5(

X dna(ry;t 5nB(r2,t)

/drl/drg K

X dnp(ri;t) ona(ra;t)

r7r17r2) KABA(r;rQ;rl)]

I' I'1,I'2) + K;?CI?B(rarQarl)]

(3.33)

0
aénB(r;t) =

- /dr1 (o8 e + 550 )] Snatenst)
—/dr1 [@ff(nrl) +§ff(r,r1)} onp(ry;t)

— /dr1 /drg [KPA5(

X dna(ry;t (5nB(r2,t)

/drl/drg nG (r,r1,12) +K (r,rg,rl)}
(3.34)

r,r,ro) + KBBA(r,rg,rl)}

x dnp(ry;t) ona(ra;t).

Such the system of equations is a generalization of
chemical kinetic equations [1], where only diffusion-reacti-
on processes between reactants A and B are taken into ac-
count. The system of equations for diffusion-reaction pro-
cesses, which includes higher-order dissipative correlation
contributions for atoms of the same species (3.31) and
higher-order dissipative correlation contributions (3.32)
was presented in reference [27]. Besides the equations for
density fluctuations of species A and B, between which
chemical bonds may arise and molecule AB may be cre-
ated, we take also into account equations for density fluc-
tuations of species which do not directly take part in chem-
ical reactions but may essentially influence the running of
chemical processes through appropriate character of the
interaction with A and B and through transport kernels,
for example K SéAB or K s&B 4 Moreover, the molecule AB
can play the role of a1, which has been formed on a cer-
tain stage of the time evolution of the system. But this
aspect requires to consider non-Markovian processes. As
a rule, the equations for number density fluctuations of
particles which do not participate in the reaction are not
taken into account in the chemical kinetics.

The system of equations (3.33, 3.34) is strongly non-
linear. For the specific chemical processes and transport
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kernels (A.2—-A.7), it should be solved together with cer-
tain initial conditions for fluctuations dna(r;t = to),
onp(r;t =tg), 0na, (r;t =to).

Thus, in the case of weakly nonlinear processes in
chemically reacting mixtures we have obtained a system
of transport equations of reaction-diffusion type for fluc-
tuations of number densities of each species and for those
of pair correlation functions of particles. These equations
turn out to be of the third order in fluctuations. In the
second order approximations with respect to fluctuations
the obtained system of equations can be reduced to that
of chemical kinetics type for fluctuations of the average
number densities with generalized reaction rate constants.
This system of equations has been analyzed in the case of
the Markovian approximation for the generalized trans-
port kernels. An example of “association — dissociation”
reactions has been considered.

4 Dynamic structure factors of chemically
reactive systems

Dynamic structure factors of gaseous or fluid mixtures,
both chemically active or not, give important informa-
tion about heat, sound, diffusion and thermal diffusion
processes. Therefore, these quantities are under intensive
experimental investigations (neutron and light scatter-
ing) as well as theoretical treatment and computer sim-
ulations [1,30,31]. Generalized transport equations (2.23,
2.24) or their linearized counterparts (3.12, 3.13) permit
us to find the dynamic structure factors for chemically
reacting mixtures. Let us consider generalized transport
equations (3.12, 3.13) in the case of spatial uniformity. Af-
ter the spatial Fourier transformation we can write them
in a matrix form:

t
7/dtleE(t/_t)kQﬁJJ(k;tvtl)ﬁ(k; t)

—0Q0

- / At @02 KW (ki 1)

x [Gkst') — S(k) — x(k)n(k;t)],

[G(k; 1) — x(k)a(k; t)]

SIS

t
- / At'e=COR2K D) (ki b, )i(k; t')

—00
t

— /dt’ef“/—t)kQT’Jm(k; t,t)
—00

< (Gl t') — S(k) — XAl )], (4.2)
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where

KM (it t)) = Dyny(kst,t') + Dyyn(kt,t'),  (4.3)

K (kit,t') = Dyny(kst,t)) + Doyy(kst, '), (4.4)

Tann(k; ta t ) = D.In]n(k; ta t/) + Dnlin(ka ta t/) (45)

+ Dlnnl(k, ta t/) + Dn.ln](k; ta t/)’

n(k;t) is a vector column with elements being the Fourier
transforms of density fluctuations no(k;t) = (fa(k))?,

No |
fia(k) = > e7"KTi i the Fourier transform of the mi-
J=1
croscopic density of atoms of species , and (fia(k))o =

at k # 0. G(k;t) is a matrix with elements G- (k; )
Na,N,

(Gory (k) = (> etk @=r)Y The Fourier transforms
Jl=1

of the partial scattering functions, which are related to the

partial dynamic structure factors by the Fourier transfor-

mation: Say(k,w) = 5= fooo dte™'Gy(k;t), w is a real
number. S(k) = G(k) is a matrix with elements S, (k),

partial static structure factors of atoms of species «, ~.

Moreover, if a chemical bond arises between atoms
a and 7, then S, (k,w) and S,y (k) can be interpreted
as the intermolecular structure factors. That is, the ma-
trix S(k,w) and S(k) consist of elements which are the
partial structure factors of atoms belonging to the same
molecule or to different molecules that have been created
due to the chemical reaction. Dy (k;t,t"), Dy,s(k;t,t),
and Dy, Jn(k;t,t') are matrices with elements being
the Fourier transforms of generalized transport kernels
(2.25, 2.27, 2.28), which are calculated in the linear ap-
proximation. That is to say, these are averaged with the
equilibrium statistical operator, but not with p, (xN it).

After eliminating n(k;t) from equations (4.1, 4.2) we
get an equation for G(k;t). This can be performed with
the help of the Laplace transformation

Ak; 2) :i/ dte® A(k; t),
0

(Imz > 0, 2 = w+ie, ¢ — +0) with respect to equa-
tions (4.1, 4.2). Taking into account that n(k;t = 0) =0,
we receive the equation for G(k;t) in the following matrix
form:

0

t

—k? / At =0 Q5 (ks t, ) [G(k; ') — S(K)],

—00

(4.6)
where 2, (k; t,t') is a matrix of renormalized transport
kernels. It has the following structure:

QJan(k§ tvtl) = TJan(k§ tvtl) sn)Jn(k t t ) (47)
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1

The function Tﬁn) n(k;t,t") can be obtained by the reverse

Laplace transformation of the quantity:

T (ks 2) = [2x(k) — K2 (K2 (ks 2) = Trn (ks 2) X (K))]
x [z + k2 (Dyy(k;2) — KW (ks 2) %K) 1KLY ((k4; zg
.8

with renormalization due to eliminating of 7(k;z) from
the system of equations (4.1), (4.2).

In order to obtain the partial dynamic structure fac-
tors of chemically reacting mixtures we can use the matrix
equation (4.6). But then we meet the well-known problem
connected with calculation of the generalized transport
kernels (4.7) in the matrix 27,7, (k;t,t"). One may in-
vestigate high- (w — o0) or low-frequency (w — 0) lim-
its (small (¢ — 0) or long (f — o0) time intervals, re-
spectively) for these kernels in specific cases. With ac-
cordance of the mode-coupling theory [30,32,33], in the
limit (w — 0) the generalized memory functions in equa-
tion (45) Djynin s Dngin » Dinng , Dpyng can be ap-
proximately expressed through the generalized diffusion
coefficients:

DG (ki) ~ S { D5 (ks )Gz (ki 1)

@272

+ B ) (i ) FE N k), (4.9)

where

a [ iDLyt
572 05t) = { b9 P, ()
0

«

. i 1
2357 (050) = (o ()2 (1))
ol 0

are the time correlation functions.

Insertion equation (4.9) into equation (4.6) with ne-

glecting of Tﬁf 1 gives in the Fourier presentation an anal-

ogous nonlinear integral equation for S, (k,w) as in the
1)

= nJn
Tinin as well as third-order transport kernels, and gen-
eralized diffusion coefficients Dfﬁ It can be estimated in

both (w — 0) and (w — oo) limits.

mode-coupling theory. The term related to T§ includes

5 Conclusions

Application of the nonequilibrium statistical operator
method by Zubarev in the kinetics of chemically reacting
mixtures has allowed us to obtain the generalized trans-
port equations for the parameters of reduced description,
namely, the nonequilibrium one-particle and pair distri-
bution functions taking into account the Kawasaki-Mori
projection technique. The transport kernels of these non-
Markovian equations describe diffusional and many-par-
ticle dynamic correlations in which the projection oper-
ators separate slow and fast dynamical processes. Their
behaviour can be studied in small and large time scales.

The European Physical Journal B

The nonequilibrium pair distribution function can be
used to calculate F}5°(t), the mean energy of chemical
bond for molecule AB, which has been created from atoms
A and B. Our analysis of the generalized equations of
chemical kinetics for weakly nonequilibrium processes re-
veals that these equations are of the third order with re-
spect to the number density fluctuations. The equations
can be important in exploration of nonequilibrium sta-
tionary microstructures due to chemical reactions on the
surfaces [34].

In the approximation of the second order in the num-
ber density fluctuations we have obtained (in the Marko-
vian approximation) such a system of equations which can
be regarded as an analogue of the equations of chemi-
cal kinetics [1] for chemically reacting mixture with the
generalized reaction rate constants expressed through the
corresponding transport kernels (memory functions).

In the case of spatial uniformity we have received
the system of integro-differential equations for the partial
scattering functions, related to the partial dynamic struc-
ture factors by the Fourier transformation. Among these,
there are a) inner molecular structure factors as a result
of the creation of a molecule AB from atoms A and B; b)
intermolecular atomic dynamic structure factors related
to atoms A and B which belong to different molecules; c)
and also, partial ones related to single atoms A and B.

It is worth to notice that our equations of chemical
kinetics as well as the equations for the partial structure
factors include the same transport kernels. These kernels
can be approximately calculated in small and long time
limits through equilibrium partial distribution functions,
structure factors, and potential of interaction including
the model potential of chemical reaction @'5°(r, r’). Such
investigation is an objective of our next works.

Financial supports of this work by the National Academy of
Sciences of Ukraine (project No 0102U000216) and by INTAS
(project UA 95-0186) are greatfully acknowledged.

Appendix A

237?1 (I‘, ry; ta tl)

—2% /dw:gm(r,rl,rg;t,t'ml (r2))o
Y1

- Z/er/er(pzz,}cm(r) Iro,T3; t? t’)X’Y1a2a1(r27 r3, I‘l),
Y102
(A1)

i'gzal(r,rl,rg;t,t’) = X5 (r,rq, 1058, 1)
+ Z/dr3Xa'ya2 (r,rq, r3)2gr2zal (r3, r2;t, t/)
Qs

— Xt ra;t, ) (R (r1))o — D (ra, rz;tat')@a(f»ov)
A2
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_  ayan
= Pan

+2 ] / drs " (x,v1, 13,7254, ') (1 (13)o
Y1

= /dr3 /dwgglw(r,rl,rg,m;ut’)

V1o

o (r,rq, 1058, 1) (r,r1,105t,t")

(A.3)

X Xyrasar (1‘3, Iy, 1‘2),

Y17yl . ! _ Y17yl
Yob (e, o, 1358, t) = oo

+ Z/dr4on’yoz2 (I’, ry, r4)(pz2Gal’Y1 (I’4, s, I3; t7 tl)
Q2

Lyl
I‘,I‘l,rg,rg,t,t)

P (e, i 1) (1 (1))

— gogg”l(rl, ro,r3;t, ') (R (r))o- (A.4)
Q527 (rg,r3,11) = Z/dr4/dr5
Q373
X Wgé’yla;;’y;; (1‘27 r3, Iy, I'5)Z~‘gi’}/3al (1‘47 Is, I'1), (A5)

Haiazy _
QG}n : 1(1‘,1‘3,1‘2) -
QoY1 asYy
g /dr4/dr5VVG2G1 83 (ro,r3,re,r5) X3 (15, 1),

@373
(A.6)

where the function WG **7 (ra, 3,14, 15) Obeys the re-
lation:

/ @ « ! Yy /
E /dr/dr Wae (e, r3, 1,0 ) 5527 (r, 1 vy, 15) =
ay

5a1a2 5—7172 (5(1’2 — 1‘4) 5(1‘3 — I'5). (A7)
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